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%RVWRQ 8QLYHUVLW\ ��� &XPPLQJWRQ 6WUHHW� %RVWRQ� 0D ������ 8�6�$

$EVWUDFW_:H FRQVLGHU WKH FODVVLFDO SUREOHP RI ZDYHJXLGH

VWHS GLVFRQWLQXLWLHV IURP WKH SHUVSHFWLYH RI WKH JHQHUDOL]HG

QHWZRUN IRUPXODWLRQ� 7KH ODWWHU KDV UHFHQWO\ EHHQ LQWURGXFHG

IRU V\VWHPDWLFDOO\ GHDOLQJ� LQ DQ HpFLHQW DQG ULJRURXV PDQQHU�

ZLWK HOHFWURPDJQHWLF nHOG UHSUHVHQWDWLRQV DQG FRPSXWDWLRQV

LQ FRPSOH[ VWUXFWXUHV� 7KH DSSURDFK LV EDVHG RQ WKH WRSRORJ�

LFDO SDUWLWLRQLQJ RI WKH FRPSOH[ VWUXFWXUH LQWR VHYHUDO VXEGR�

PDLQV MRLQHG WRJHWKHU E\ LQWHUIDFHV� 7KH VXJJHVWHG IUDPHZRUN

DFFRPPRGDWHV WKH XVH RI GLmHUHQW DQDO\WLFDO�QXPHULFDO PHWK�

RGV �K\EULGL]DWLRQ�� WKH FKRLFH RI DOWHUQDWLYH *UHHQ
V IXQF�

WLRQV DQG WKH VHOHFWLRQ RI DSSURSULDWH nHOG TXDQWLWLHV DW WKH

ERXQGDU\ EHWZHHQ GLmHUHQW UHJLRQV�

%\ XVLQJ WKH JHQHUDOL]HG QHWZRUN IRUPXODWLRQ LQ WKH VWHS GLV�

FRQWLQXLW\ H[DPSOH ZH QRWH WKDW LW LV SRVVLEOH WR VHOHFW DOWHU�

QDWLYH *UHHQ
V IXQFWLRQV ZLWK LPSURYHG FRQYHUJHQFH SURSHU�

WLHV ZLWK UHVSHFW WR WKRVH FRPPRQO\ XVHG� ,Q DGGLWLRQ� D QHZ

FDQRQLFDO UHSUHVHQWDWLRQ RI WKH VWHS GLVFRQWLQXLW\ LV GHULYHG

DQG EHWWHU LQVLJKW LV REWDLQHG RQ WKH UHODWLRQVKLS EHWZHHQ LQ�

WHJUDO HTXDWLRQ IRUPXODWLRQV DQG PRGH�PDWFKLQJ WHFKQLTXHV

IRU WKH DQDO\VLV RI VWHS GLVFRQWLQXLWLHV�

,� ,QWURGXFWLRQ

:DYHJXLGH VWHS GLVFRQWLQXLWLHV DUH WKH EDVLF EXLOGLQJ

EORFNV IRU WKH QXPHULFDO DQDO\VLV RI FRPSOH[ ZDYHJXLGH

FRPSRQHQWV� 7KH FXUUHQW WUHQG RI GHVLJQLQJ VXFK FRP�

SRQHQWV ZLWK YHU\ KLJK SHUIRUPDQFH� SRVVLEO\ DOVR WDNLQJ

LQWR DFFRXQW PDQXIDFWXUDELOLW\ LVVXHV� GHPDQGV WKH XVH RI

FRPSXWHU�LQWHQVLYH RSWLPL]DWLRQ SURJUDPV� :KHQ XVLQJ

VXFK FRGHV IRU GHVLJQ SXUSRVHV� WKH IXOO�ZDYH DQDO\VLV RI EDVLF

GLVFRQWLQXLWLHV LV SHUIRUPHG VHYHUDO WKRXVDQG RI WLPHV� DQG

LW LV WKHUHIRUH QHFHVVDU\ WR GHYHORS YHU\ HpFLHQW URXWLQHV

IRU WKLV WDVN� 1RW VXUSULVLQJO\� VWHS GLVFRQWLQXLW\ SUREOHPV

KDYH UHFHLYHG FRQVLGHUDEOH DWWHQWLRQ LQ WKH SDVW �VHH H�J� >��

FKDS� �@� >�@�� 'XH WR WKH VHSDUDELOLW\ RI WKH ZDYH HTXDWLRQ

LQ WKH ZDYHJXLGH VXEVHFWLRQV >�@� HVVHQWLDOO\ WZR W\SHV RI DS�

SURDFKHV KDYH EHHQ GHYHORSHG� RQH EDVHG RQ PRGH�PDWFKLQJ

DW WKH VWHS GLVFRQWLQXLW\ DQG WKH RWKHU EDVHG RQ DQ LQWHJUDO

HTXDWLRQ IRUPXODWLRQ�

5HFHQWO\� D JHQHUDO DUFKLWHFWXUH KDV EHHQ SURSRVHG >�@� >�@�

>�@� >�@� >�@ IRU WKH V\VWHPDWLF HOHFWURPDJQHWLF nHOG FRPSXWD�

WLRQ LQ FRPSOH[ VWUXFWXUHV� 7KLV DSSURDFK LV EDVHG RQ WKH

WRSRORJLFDO SDUWLWLRQLQJ RI WKH FRPSOH[ VWUXFWXUH LQWR VHY�

HUDO VXEGRPDLQV MRLQHG WRJHWKHU E\ LQWHUIDFHV� 7KH EDVLF

FRQFHSW LV WR GHVFULEH LQ D VHSDUDWH PDQQHU WKH WRSRORJL�

FDO UHODWLRQVKLS �KRZ WKH VXEGRPDLQV DUH FRQQHFWHG WR HDFK

RWKHU� DQG WKH SK\VLFDO UHODWLRQVKLSV� $SDUW IURP DFFRPPR�

GDWLQJ WKH XVH RI GLmHUHQW DQDO\WLFDO�QXPHULFDO PHWKRGV �K\�

EULGL]DWLRQ�� WKLV DSSURDFK DOVR GHDOV LQ D V\VWHPDWLF PDQQHU

ZLWK D JLYHQ SUREOHP� WKXV SURYLGLQJ QHZ LQVLJKWV DOVR IRU

UDWKHU ZHOO�NQRZQ SUREOHPV� ,Q SDUWLFXODU� LQ WKLV VWXG\� ZH

GHULYH E\ WKLV DSSURDFK ERWK WKH PRGH�PDWFKLQJ DQG WKH LQ�

WHJUDO HTXDWLRQ IRUPXODWLRQV� LQ ERWK FDVHV ZH DUH DOVR DEOH

WR LQWURGXFH VRPH QRYHOWLHV ZKLFK \LHOG LPSURYHPHQWV LQ WKH

QXPHULFDO HpFLHQF\ DQG LQ WKH SK\VLFDO XQGHUVWDQGLQJ�

,QWHJUDO HTXDWLRQ WHFKQLTXHV KDYH SHUPLWWHG LQWURGXFWLRQ

RI EDVLV IXQFWLRQV ZKLFK LQFOXGH WKH HGJH FRQGLWLRQ >�@� >��@

DQG RI WKH DGPLWWDQFH PDWUL[ IRUPXODWLRQ >��@� >��@� ,Q WKHVH

FDVHV� KRZHYHU� WKH FKRLFH RI WKH SHUWLQHQW *UHHQ
V IXQFWLRQ

LQ WKH ZDYHJXLGH VXEUHJLRQV ZDV FRQYHQWLRQDO� FRUUHVSRQGLQJ

WR DQ HLJHQIXQFWLRQ H[SDQVLRQ LQ WKH WUDQVYHUVH GLUHFWLRQ DQG

ZDYHV SURSDJDWLQJ �DQG UHoHFWHG� LQ WKH ORQJLWXGLQDO GLUHF�

WLRQ� $FFRUGLQJO\� VORZO\ FRQYHUJHQW VXPV ZHUH REWDLQHG IRU

VWHSV ZLWK VLJQLnFDQWO\ GLmHUHQW DVSHFW UDWLRV� ,Q WKLV SDSHU

ZH SUHVHQW DQ DOWHUQDWLYH *UHHQ
V IXQFWLRQ H[SUHVVLRQ ZKLFK

RYHUFRPHV WKLV SUREOHP DQG DOORZV XV WR XVH UDSLGO\ FRQYHU�

JHQW VXPV DOVR IRU IDLUO\ KLJK DVSHFW UDWLRV� 7KH WKHRU\ DQG

QXPHULFDO UHVXOWV IRU WKLV FDVH DUH EULHo\ VXPPDUL]HG LQ [,,�

0RGH�PDWFKLQJ FRQVLGHUV WZR GLmHUHQW nHOG H[SDQVLRQV DW

WKH VWHS LWVHOI� L�H� LQ D UHJLRQ RI ]HUR YROXPH� LQ WKLV FDVH

PRGH FRXSOLQJ DULVHV DW WKH VWHS GLVFRQWLQXLW\ DQG RQH VHHNV

D GHVFULSWLRQ RI WKH VWHS GLVFRQWLQXLWLHV� ,W KDV EHHQ IRXQG

WKDW� DOWKRXJK VHYHUDO DOWHUQDWLYHV DUH DYDLODEOH� D GHVFULS�

WLRQ RI WKH W\SH HPSOR\HG LQ >��@� >��@ LV QHFHVVDU\ LQ RUGHU WR

REWDLQ PHDQLQJIXO DQG DFFXUDWH UHVXOWV� ,Q WKLV DSSURDFK WKH

LQGHSHQGHQW nHOG TXDQWLWLHV DUH WKH HOHFWULF nHOG LQ WKH ZDYH�

JXLGH ZLWK WKH VPDOOHU FURVV�VHFWLRQ DQG WKH PDJQHWLF nHOG

LQ WKH ZDYHJXLGH ZLWK WKH ODUJHU FURVV�VHFWLRQ� 7KLV IDFW KDV

EHHQ UHFHQWO\ H[SODLQHG LQ >��@ EXW QR PXOWLPRGDO HTXLYDOHQW

FLUFXLWV KDYH EHHQ SURYLGHG VR IDU� ,Q IDFW� WKH RQO\ ULJRURXV

IXOO�ZDYH PXOWL�PRGH IUHTXHQF\�LQGHSHQGHQW HTXLYDOHQW FLU�

FXLW SXEOLVKHG IRU WKH VWHS GLVFRQWLQXLW\ >��@� >��@ PDNHV XVH

RI FRQWUROOHG VRXUFHV� +HUH� LQ VHFWLRQ [ ,,,� E\ FRQVLGHULQJ

WKH VWHS GLVFRQWLQXLW\ DV D FRQQHFWLRQ QHWZRUN� ZH LQWURGXFH

D QHZ FDQRQLFDO QHWZRUN EDVHG VROHO\ RQ WUDQVIRUPHUV�

)LQDOO\� LQ VHFWLRQ [ ,9� ZH GLVFXVV WKH UHODWLRQVKLS EH�

WZHHQ PRGH�PDWFKLQJ WHFKQLTXHV DQG WKH LQWHJUDO HTXDWLRQ

DSSURDFK� ,W LV VKRZQ WKDW WKH LQWHJUDO HTXDWLRQ WHFKQLTXH

LV D PRUH JHQHUDO DSSURDFK� ,Q SDUWLFXODU� ZKHQ VHOHFWLQJ D

SDUWLFXODU W\SH RI *UHHQ
V IXQFWLRQ DQG WKH VDPH QXPEHU RI

PRGDO H[SDQVLRQ WHUPV� WKH LQWHJUDO HTXDWLRQ WHFKQLTXH DQG
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)LJ� �� 6WHS GLVFRQWLQXLW\ VHJPHQWDWLRQ� D VXEGLYLVLRQ LQ WZR UHJLRQV

RI VSDFH �W\SLFDOO\ XVHG LQ DGPLWWDQFH IRUPXODWLRQV�� 7KH nUVW DQG

ODVW UHIHUHQFH SODQHV �GRWWHG YHUWLFDO OLQHV� LQGLFDWH WKH ORFDWLRQ

IRU WKH ?DFFHVVLEOH� nHOG YDULDEOHV�

WKH PRGH�PDWFKLQJ DSSURDFK SURYLGH WKH VDPH UHVXOWV�

,,� 8VH RI DOWHUQDWLYH *UHHQ
V IXQFWLRQV LQ

LQWHJUDO HTXDWLRQ IRUPXODWLRQV

:H VWDUW ZLWK VXEGLYLGLQJ RXU JHRPHWU\� L�H� WKH ZDYH�

JXLGH VWHS GLVFRQWLQXLW\� LQWR D QXPEHU RI VXEGRPDLQV �VHH

)LJ� �� ZKLFK PD\ EH RI GLmHUHQW W\SHV� DQG ZKLFK DUH MRLQHG

WRJHWKHU DFURVV LQWHUIDFHV� ,W LV DSSDUHQW WKDW VHYHUDO GLmHU�

HQW WRSRORJLFDO DOWHUQDWLYHV DUH DYDLODEOH� ZH ZLOO QRW LQYHV�

WLJDWH WKHVH DOWHUQDWLYHV LQ WKLV SDSHU� ,Q WKLV VHFWLRQ ZH

FRQVLGHU D VXEGLYLVLRQ LQWR WZR UHJLRQV RI VSDFH� VHH )LJ� ��

ZKLFK OHDGV WR WKH LQWHJUDO HTXDWLRQ �DGPLWWDQFH� IRUPXOD�

WLRQ�

$� (YDOXDWLRQ RI WKH DGPLWWDQFH HOHPHQWV

/HW XV FRQVLGHU WKH ZDYHJXLGH VWHS GLVFRQWLQXLW\ LOOXV�

WUDWHG LQ )LJ� �� (VVHQWLDOO\� E\ DSSO\LQJ WKH HTXLYDOHQFH

WKHRUHP� ZH SODFH RQ WKH GLVFRQWLQXLW\ VHFWLRQ D S�H�F� ZLWK

HTXLYDOHQW PDJQHWLF FXUUHQWV� ZH WKHQ HYDOXDWH WKH PDJQHWLF

nHOG JHQHUDWHG RQ ERWK VLGHV DQG LPSRVH WKH FRQWLQXLW\ RI LWV

WDQJHQWLDO FRPSRQHQWV� 7\SLFDOO\� D *DOHUNLQ GLVFUHWL]DWLRQ

SURFHGXUH LV DGRSWHG DQG WKH PRGHV RI WKH VPDOOHU ZDYHJXLGH

DUH FKRVHQ DV WKH EDVLV IXQFWLRQ VHW� &RQVHTXHQWO\� PRVW RI

WKH QXPHULFDO HmRUW LV GHYRWHG WR FRPSXWLQJ WKH HOHPHQWV RI

WKH DGPLWWDQFH PDWUL[ \�QS LQ UHJLRQ % RI )LJ� �� UHSUHVHQWLQJ
WKH PDJQHWLF nHOG WHVWHG E\ WKH Q�WK ZHLJKWLQJ IXQFWLRQ DV
JHQHUDWHG E\ WKH S�WK HOHFWULF nHOG EDVLV IXQFWLRQ� 8VXDOO\�
IRU WKHLU HYDOXDWLRQ� DQ HLJHQIXQFWLRQ H[SDQVLRQ LQ WKH \ GL�
UHFWLRQ LV FKRVHQ� SURYLGLQJ WKH IROORZLQJ UHSUHVHQWDWLRQ RI

WKH *UHHQ
V IXQFWLRQ
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$�� 6WDWLF SDUW H[WUDFWLRQ

,Q ERWK H[SUHVVLRQ ��� DQG ��� ZH QHHG WR HYDOXDWH WKH
VXPV LQ RUGHU WR FRPSXWH WKH DGPLWWDQFH WHUPV� ,W LV ZHOO
NQRZQ WKDW� IRU ZLGH�EDQG HYDOXDWLRQ� D GLmHUHQW DUUDQJH�
PHQW RI WKHVH VXPV LV RIWHQ FRQYHQLHQW� ,Q IDFW� GHQRWLQJ E\
6 RQH RI WKH DERYH VXPV HYDOXDWHG DW D FHUWDLQ JLYHQ IUH�
TXHQF\� ZH FDQ ZULWH WKH JHQHULF DGPLWWDQFH WHUP� < � HYDO�
XDWHG DW D GLmHUHQW IUHTXHQF\� DV JLYHQ E\ <  6��'b6��
KHUH ' UHSUHVHQWV WKH VXP HYDOXDWHG D WKH IUHTXHQF\ RI LQ�
WHUHVW� ,W LV QRWHG WKDW WKH HOHPHQWV DSSHDULQJ LQ WKH VXP
�' b 6� FRQYHUJH YHU\ UDSLGO\� 7KLV LV D ZHOO NQRZQ WHFK�
QLTXH� JHQHUDOO\ DSSOLHG ZLWK 6 UHSUHVHQWLQJ D VWDWLF WHUP
DQG ' WKH G\QDPLF FRQWULEXWLRQ� ,W LV QRWHG WKDW WKLV XVHIXO
GHYLFH FDQ EH DSSOLHG LQ WKH HYDOXDWLRQ RI ERWK H[SUHVVLRQV
��� DQG ����

%� $ QXPHULFDO H[DPSOH

$V DQ H[DPSOH� LQ )LJ� � ZH VKRZ WKH FRQYHUJHQFH EHKDYLRU
RI RQH HOHPHQW RI WKH DGPLWWDQFH PDWUL[ ZLWK UHVSHFW WR P�
L�H� ZLWK UHVSHFW WR WKH QXPEHU RI WHUPV XVHG WR UHSUHVHQW
WKH *UHHQ
V IXQFWLRQV LQ ��� DQG ���� )URP WKH nJXUH LW
LV DSSDUHQW WKDW D VLJQLnFDQW DGYDQWDJH LV REWDLQHG ZKHQ
FRQVLGHULQJ WKH SURSRVHG DOWHUQDWLYH UHSUHVHQWDWLRQ LQVWHDG
RI WKH XVXDO *UHHQ
V IXQFWLRQ H[SUHVVLRQ�
6LPLODUO\� LQ )LJ� � ZH LOOXVWUDWH WKH FRQYHUJHQFH EHKDYLRU

IRU WKH VDPH FDVH� EXW LQFOXGLQJ WKH VWDWLF SDUW H[WUDFWLRQ�
&OHDUO\� WKLV DFFHOHUDWHV WKH UDWH RI FRQYHUJHQFH� 7KXV� XVLQJ
WKLV GHYLFH DQG WKH DSSURSULDWH DOWHUQDWLYH *UHHQ
V IXQFWLRQ
VHOHFWLRQ� FRQYHUJHQFH LV DFKLHYHG ZLWK MXVW D IHZ WHUPV�
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DQG P LV WKH QXPEHU RI WHUPV FRQVLGHUHG LQ WKH VXP LQ HT� ��� DQG

���� ,W LV DSSDUHQW WKDW WKH XVXDO *UHHQ
V IXQFWLRQ� *< � FRQYHUJHV

UHODWLYHO\ VORZO\ DQG ZLWK D VWURQJ GHSHQGHQFH RQ WKH JHRPHWULFDO

UDWLR E� E�� 2Q WKH FRQWUDU\� WKH DOWHUQDWLYH *UHHQ
V IXQFWLRQ *= �
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)LJ� �� $V LQ )LJ� � EXW ZLWK VWDWLF�SDUW H[WUDFWLRQ�

,,,� 7KH VWHS GLVFRQWLQXLW\ DV D FRQQHFWLRQ

QHWZRUN �0RGH�PDWFKLQJ�

/HW XV FRQVLGHU D SDUWLRQLQJ RI WKH VWHS GLVFRQWLQXLW\ LQWR

WZR UHJLRQV RI VSDFH SOXV D FRQQHFWLRQ QHWZRUN� VHH )LJ� ��

WKLV LV D VXEGLYLVLRQ ZKLFK OHDGV WR D PRGH�PDWFKLQJ IRU�

PXODWLRQ� EDVHG RQ WKH nHOG UHSUHVHQWDWLRQ SUREOHP DULVLQJ

DW WKH VWHS GLVFRQWLQXLW\ >��@� ,Q RUGHU WR LQYHVWLJDWH WKLV

SUREOHP LW LV FRQYHQLHQW WR UHIHU WR WKH ELIXUFDWLRQ VKRZQ LQ

)LJ� � ZKHUH WKUHH GLmHUHQW VXEGRPDLQV DUH MRLQHG WRJHWKHU�

,Q SDUWLFXODU� WKHUH LV DQ LQWHUIDFH ZKLFK FRQQHFWV VXEGRPDLQ

� WR VXEGRPDLQ �� DQG DQ LQWHUIDFH FRQQHFWLQJ VXEGRPDLQ �

WR VXEGRPDLQ �� ,Q WKH IROORZLQJ� IRU EUHYLW\� ZH DVVXPH WKDW

WKH HOHFWULF �PDJQHWLF� nHOGV DW WKH LQWHUIDFHV DUH H[SDQGHG

A B

C
A B

C
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)LJ� �� 6WHS GLVFRQWLQXLW\ VHJPHQWDWLRQ� D VXEGLYLVLRQ LQWR WKUHH GLI�

IHUHQW UHJLRQV �WKH FHQWUDO RQH EHLQJ RI ]HUR YROXPH� L�H� D FRQQHF�

WLRQ QHWZRUN� DV JHQHUDOO\ XVHG LQ PRGH�PDWFKLQJ IRUPXODWLRQV�

R1

R2

R3

)LJ� �� 7KH ELIXUFDWLRQ SUREOHP� WKUHH UHJLRQV RI VSDFH FRQQHFWHG DW

DQ LQWHUIDFH�

V1

V2

I3

)LJ� �� $ FDQRQLFDO QHWZRUN IRU WKH ELIXUFDWLRQ� ZLWK 9��9� DQG ,�
FKRVHQ DV LQGHSHQGHQW nHOG TXDQWLWLHV�

LQ WHUPV RI VXLWDEOH EDVLV IXQFWLRQV DQG ZH GHQRWH E\ 9L �,L�

WKH YHFWRU FRQWDLQLQJ WKH HOHFWULF �PDJQHWLF� nHOG H[SDQVLRQ

FRHpFLHQWV UHODWLYH WR UHJLRQ L�

,W KDV EHHQ VKRZQ HOVHZKHUH >��@ WKDW WKH FRQQHFWLRQ QHW�

ZRUN IRU WKLV LQWHUIDFH FDQ EH REWDLQHG E\ WDNLQJ 9��9� DQG

,� DV LQGHSHQGHQW YDULDEOHV OHDGLQJ WR WKH FDQRQLFDO QHWZRUN

UHSUHVHQWDWLRQ LQ )LJ� �� 7KH RWKHU FKRLFH RI LQGHSHQGHQW

YDULDEOHV LV ,�� ,� DQG 9� ZKLFK OHDGV WR D VLPLODU FDQRQLFDO

QHWZRUN� %RWK UHSUHVHQWDWLRQV DUH HTXDOO\ YDOLG LQ RUGHU WR

GHVFULEH WKH FRQQHFWLRQ QHWZRUN UHODWLYH WR D ELIXUFDWLRQ�

+RZHYHU� LQ WKH FDVH RI WKH VWHS GLVFRQWLQXLW\� UHJLRQ �

LV nOOHG E\ D S�H�F�� UHSUHVHQWHG E\ D VKRUW�FLUFXLW� 7KXV

ZH QHHG WR LPSRVH WKH FRQGLWLRQ 9�  �� 7KH HTXLYDOHQW

QHWZRUN LV QRZ WKH RQH LQ )LJ� � ZLWK WKH SRUWV SHUWDLQLQJ

WR UHJLRQ � VKRUW�FLUFXLWHG�

,W LV XVHIXO WR QRWH WKDW WKH DERYH FDQRQLFDO QHWZRUN LV

IUHTXHQF\ LQGHSHQGHQW� VDWLVnHV WKH 7HOOHJHQ WKHRUHP DQG

DGPLWV D VFDWWHULQJ UHSUHVHQWDWLRQ ZLWK WKH IROORZLQJ SURS�

HUWLHV� V\PPHWU\� 6
7
 6� RUWKRJRQDOLW\� 6

7
6  , DQG XQL�

WDU\� L�H� 66
\
 ,� ZKHUH WKH \ GHQRWHV WKH KHUPLWLDQ FRQ�

MXJDWH PDWUL[� 7 GHQRWHV WKH WUDQVSRVHG PDWUL[ DQG , LV WKH

LGHQWLW\ PDWUL[�

$OVR QRWH WKDW WKH DERYH GLVFXVVLRQ LV YDOLG LQ JHQHUDO� IRU

DQ\ FKRLFH RI EDVLV IXQFWLRQV LQ UHJLRQV � DQG �� ,Q SUDF�

WLFH� WKH PRVW FRPPRQ FKRLFH RI EDVLV IXQFWLRQV LV WKH XVH RI

WKH PRGDO HLJHQIXQFWLRQV DW ERWK VLGHV RI WKH GLVFRQWLQXLW\�

PRUHRYHU LW LV FRPPRQ WR SODFH WKH UHIHUHQFH SODQHV DW D FHU�

WDLQ GLVWDQFH IURP WKH GLVFRQWLQXLW\ LWVHOI� :H KDYH WKHUHIRUH
D FHUWDLQ QXPEHU RI PRGHV ZKLFK SURSDJDWH IURP WKH GLVFRQ�

WLQXLW\ LWVHOI WR WKH UHIHUHQFH SODQHV DQG DUH UHSUHVHQWHG E\

WUDQVPLVVLRQ OLQHV� E\ FRQWUDVW WKH PRGHV ZHOO EHORZ FXW�Rm

SURYLGH D ORFDOL]HG FRQWULEXWLRQ RQO\ DW WKH GLVFRQWLQXLW\ LW�

VHOI DQG FDQ EH UHSUHVHQWHG E\ OXPSHG� IUHTXHQF\�GHSHQGHQW

UHDFWDQFHV� ,W LV DOVR QRWHG WKDW WKH PRGHO SURSRVHG LQ WKLV
FRQWULEXWLRQ� VLPLODUO\ WR WKH PRGHO SURSRVHG LQ >��@� >��@

FDQ EH HDVLO\ LPSOHPHQWHG LQ VWDQGDUG FLUFXLW VLPXODWRUV�
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)LJ� �� &RQYHUJHQFH IRU WKH VFDWWHULQJ SDUDPHWHU ZKHQ FRQVLGHULQJ

D Q PRGHV LQ WKH VPDOOHU ZDYHJXLGH DQG P WHUPV IRU WKH *UHHQ
V

IXQFWLRQ� RU P PRGHV LQ WKH ODUJHU ZDYHJXLGH� ,Q WKH LQWHJUDO

HTXDWLRQ DSSURDFK ZH FDQ VHOHFW WZR GLmHUHQW W\SHV RI *UHHQ
V

IXQFWLRQ� WKH VWDQGDUG RQH �KHUH GHQRWHG E\ *\� DQG WKH RQH

KHUH LQWURGXFHG *]� ,W LV QRWHG WKDW WKH PRGH PDWFKLQJ DSSURDFK

SURYLGHV WKH VDPH UHVXOWV RI WKH LQWHJUDO HTXDWLRQ DSSURDFK ZKHQ

*
\ LV XVHG DV *UHHQ IXQFWLRQ�

$� 6RPH QXPHULFDO 5HVXOWV

,Q )LJ� � ZH KDYH SORWWHG WKH FRQYHUJHQFH RI WKH VFDWWHULQJ
SDUDPHWHU IRU D JLYHQ VWHS GLVFRQWLQXLW\ ZKHQ FRQVLGHULQJ Q
PRGHV LQ WKH VPDOOHU ZDYHJXLGH DQG P PRGHV LQ WKH ODUJHU
ZDYHJXLGH� ,W KDV EHHQ REVHUYHG LQ >��@ WKDW P VKRXOG EH
ODUJHU WKDQ Q� LW LV DOVR NQRZQ WKDW WKHLU UDWLR VKRXOG EH DS�
SUR[LPDWHO\ HTXDO WR E� E�� 7KLV LV D XVHIXO FULWHULD IRU IDLUO\
VLPSOH JHRPHWULHV� KRZHYHU� IRU RWKHU W\SHV RI VWHS GLVFRQ�
WLQXLWLHV �H�J� WKH GLVFRQWLQXLW\ EHWZHHQ D VPDOO UHFWDQJXODU
ZDYHJXLGH DQG D IDLUO\ ODUJH HOOLSWLFDO ZDYHJXLGH� DV LQ >��@�
LW LV GLpFXOW WR VHOHFW ?D SULRUL� WKH YDOXH RI P�

,9� 5HODWLRQ EHWZHHQ WKH LQWHJUDO HTXDWLRQ

DSSURDFK DQG PRGH�PDWFKLQJ

)URP WKH SUHYLRXV WZR VHFWLRQV LW LV DSSDUHQW WKDW WKH
LQWHJUDO HTXDWLRQ DSSURDFK LV PRUH JHQHUDO WKDQ WKH PRGH�
PDWFKLQJ IRUPXODWLRQ� :KLOH LQ WKH LQWHJUDO HTXDWLRQ DS�
SURDFK ZH FDQ FKRRVH EHWZHHQ DOWHUQDWLYH *UHHQ
V IXQFWLRQV�
WKH ODWWHU SRVVLELOLW\ LV QRW SUHVHQW LQ PRGH�PDWFKLQJ�
,I ZH VHOHFW WKH *UHHQ
V IXQFWLRQ LQ HT� ��� DQG WKH VDPH

QXPEHU RI PRGDO H[SDQVLRQ WHUPV P� WKHQ WKH LQWHJUDO HTXD�
WLRQ WHFKQLTXH DQG WKH PRGH�PDWFKLQJ DSSURDFK SURYLGH WKH
VDPH UHVXOWV �VHH )LJ� �� +RZHYHU� LW KDV EHHQ QRWHG WKDW�
IRU ODUJH DVSHFW UDWLRV� WKLV FKRLFH LV QRW WKH PRVW FRQYHQLHQW
RQH� 0RUHRYHU� ZKLOH ZKHQ FRQVLGHULQJ WKH LQWHJUDO HTXD�
WLRQ �*UHHQ
V IXQFWLRQV� LW LV VWUDLJKWIRUZDUG WR VHSDUDWH WKH
VWDWLF DQG G\QDPLF FRQWULEXWLRQV� DV VKRZQ LQ [ ,,�$��� WKLV
GRHV QRW VHHP WR EH WKH FDVH IRU WKH PRGH�PDWFKLQJ�
2Q WKH RWKHU KDQG� WKH PRGH�PDWFKLQJ IRUPXODWLRQ SUR�

YLGHV D FDQRQLFDO� IUHTXHQF\�LQGHSHQGHQW� HTXLYDOHQW FLUFXLW
VXLWDEOH IRU LPSOHPHQWDWLRQ LQ FLUFXLW VLPXODWRUV�

9� &RQFOXVLRQV

%\ DSSO\LQJ VRPH RI WKH FRQFHSWV GHYHORSHG IRU D JHQHU�
DOL]HG QHWZRUN IRUPXODWLRQ RI (0 nHOG FRPSXWDWLRQ LQ FRP�
SOH[ VWUXFWXUHV ZH KDYH IRXQG VRPH QHZ UHVXOWV DOVR IRU IDLUO\
ZHOO�NQRZQ SUREOHPV VXFK DV WKH VWHS GLVFRQWLQXLW\�
,Q SDUWLFXODU� ZH KDYH IRXQG WKDW WKH V\VWHPDWLF XVH RI

DOWHUQDWLYH *UHHQ
V IXQFWLRQV FDQ VLJQLnFDQWO\ LPSURYH WKH

FRQYHUJHQFH SURSHUWLHV RI PRGDO VXPV� :H KDYH DOVR IRXQG
D FDQRQLFDO QHWZRUN UHSUHVHQWDWLRQ IRU WKH VWHS GLVFRQWLQXLW\
DQG GLVFXVVHG WKH UHODWLRQVKLS EHWZHHQ WKH LQWHJUDO HTXDWLRQ
DSSURDFK DQG WKH PRGH�PDWFKLQJ WHFKQLTXH�

5HIHUHQFHV

>�@ 7� 5R]]L DQG 0� 0RQJLDUGR� 2SHQ (OHFWURPDJQHWLF :DYHJXLGHV� /RQ�

GRQ� ,((� �����

>�@ 5� (� &ROOLQ� )LHOG 7KHRU\ RI *XLGHG :DYHV� 1HZ <RUN� ,((( 3UHVV�

�����

>�@ /� %� )HOVHQ DQG 1� 0DUFXYLW]� 5DGLDWLRQ DQG 6FDWWHULQJ RI :DYHV� (Q�

JOHZRRG &OLmV� 1-� 3UHQWLFH +DOO� ����� &ODVVLF UHLVVXH E\ ,((( 3UHVV�

�����

>�@ /� %� )HOVHQ� ?$Q DUFKLWHFWXUH IRU ZDYH LQWHUDFWLRQ ZLWK FRPSOH[ HQ�

YLURQPHQWV� )LHOGV� QHWZRUNV� LQWHUIDFH PDSSLQJV DQG FRPSXWDWLRQV��

SUHVHQWHG DW WKH )LUVW $QQXDO 6\PSRVLXP RI 5DGLR 6FLHQFH LQ ,VUDHO� 7HO

$YLY� ,VUDHO� 'HF� �����

>�@ /� %� )HOVHQ� 0� 0RQJLDUGR� DQG 3� 5XVVHU� ?(OHFWURPDJQHWLF nHOG

FRPSXWDWLRQV E\ D JHQHUDOL]HG QHWZRUN IRUPXODWLRQ�� $&(6� 0RQWHUH\�

&$� 0DU� �����

>�@ /� %� )HOVHQ� 0� 0RQJLDUGR� 3� 5XVVHU� *� &RQWL� DQG &� 7RPDVVRQL�

?:DYHJXLGH FRPSRQHQW DQDO\VLV E\ D JHQHUDOL]HG QHWZRUN DSSURDFK��

(XURSHDQ 0LFURZDYH &RQIHUHQFH� -HUXVDOHP� ,VUDHO� 6HSW� �����

>�@ 0� 'LRQLJL� 0� 0RQJLDUGR� 3� 5XVVHU� DQG /� %� )HOVHQ� ?3UREOHP�

PDWFKHG *UHHQ
V IXQFWLRQV IRU JHQHUDOL]HG QHWZRUN IRUPXODWLRQ RI FRP�

SOH[ ZDYHJXLGHV�� ,&($$ ,QWHUQDWLRQDO 6\PSRVLXP� 7XULQ� 6HSW� �����

>�@ /� %� )HOVHQ� 0� 0RQJLDUGR� DQG 3� 5XVVHU� ?+\EULG FRPSXWDWLRQV RI

HOHFWURPDJQHWLF nHOGV YLD D JHQHUDOL]HG QHWZRUN IRUPXODWLRQ�� 3,(56�

3URJUHVV LQ (OHFWURPDJQHWLF 5HVHDUFK 6\PSRVLXP� %RVWRQ� S� ���� -XO\

�����

>�@ 7� 5R]]L� $� 0RULQL� )� 5DJXVLQL� DQG 0� 0RQJLDUGR� ?'LUHFW DQDO\WLFDO

VROXWLRQ RI LULV GLVFRQWLQXLWLHV LQ ZDYHJXLGH E\ VHSDUDWLRQ RI YDULDEOHV��

DFFHSWHG ,((( 7UDQV� 0LFURZDYH 7KHRU\ 7HFK�� 'HF� �����

>��@ 7� 5R]]L DQG 0� 0RQJLDUGR� ?(�SODQH VWHSV LQ UHFWDQJXODU ZDYHJXLGH��

,((( 7UDQV� 0LFURZDYH 7KHRU\ 7HFK�� YRO� ��� SS� ����^����� $XJ�

�����

>��@ )� $OHVVDQGUL� 0� 0RQJLDUGR� DQG 5� 6RUUHQWLQR� ?&RPSXWHU�DLGHG GH�

VLJQ RI EHDP IRUPLQJ QHWZRUNV IRU PRGHUQ VDWHOOLWH DQWHQQDV�� ,(((

7UDQV� 0LFURZDYH 7KHRU\ 7HFK�� YRO� ��� SS� ����^����� -XQH �����

>��@ )� $OHVVDQGUL� *� %DUWROXFFL� DQG 5� 6RUUHQWLQR� ?$GPLWWDQFH�PDWUL[

IRUPXODWLRQ RI ZDYHJXLGH GLVFRQWLQXLW\ SUREOHPV�� ,((( 7UDQV� 0L�

FURZDYH 7KHRU\ 7HFK�� YRO� ��� SS� ���^���� )HE� �����

>��@ $� :HLVVKDU� 0� 0RQJLDUGR� DQG 9� .� 7ULSDWKL� ?&$' RULHQWHG HTXLYD�

OHQW FLUFXLW PRGHOLQJ RI VWHS GLVFRQWLQXLWLHV LQ UHFWDQJXODU ZDYHJXLGHV��

,((( 0LFURZDYH DQG *XLGHG :DYH /HWWHUV� YRO� �� SS� ���^���� $SU�

�����

>��@ $� :HLVVKDU� 0� 0RQJLDUGR� $�7ULSDWKL� DQG 9� 7ULSDWKL� ?&$' RUL�

HQWHG HTXLYDOHQW FLUFXLW PRGHOV IRU ULJRURXV IXOO�ZDYH DQDO\VLV DQG

GHVLJQ RI ZDYHJXLGH FRPSRQHQWV DQG FLUFXLWV�� ,((( 7UDQV� 0L�

FURZDYH7KHRU\ 7HFK�� YRO� ��� SS� ����^����� 'HF� �����

>��@ *� 9� (OHIWKHULDGHV� $� 6� 2PDU� /� 3� .DWHKL� DQG *� 0� 5HEHL]�

?6RPH LPSRUWDQW SURSHUWLHV RI ZDYHJXLGH MXQFWLRQ JHQHUDOL]HG VFDWWHU�

LQJ PDWULFHV LQ WKH FRQWH[W RI WKH PRGH�PDWFKLQJ WHFKQLTXH�� ,(((

7UDQV� 0LFURZDYH 7KHRU\ 7HFK�� YRO� ��� SS� ����^����� 2FW� �����

>��@ 5� 0LWWUD� 7� ,WRK� DQG 7� 6� /L� ?$QDO\WLFDO DQG QXPHULFDO VWXGLHV RI

WKH UHODWLYH FRQYHUJHQFH SKHQRPHQRQ DULVLQJ LQ WKH VROXWLRQ RI DQ LQWH�

JUDO HTXDWLRQ E\ WKH PRPHQW PHWKRG�� ,((( 7UDQV� 0LFURZDYH 7KHRU\

7HFK�� YRO� ��� SS� ��^���� -XO\ �����

>��@ 5� 6RUUHQWLQR� 0� 0RQJLDUGR� )� $OHVVDQGUL� DQG *� 6FKLDYRQ� ?$Q

LQYHVWLJDWLRQ RQ WKH QXPHULFDO SURSHUWLHV RI WKH PRGH�PDWFKLQJ WHFK�

QLTXH�� ,QW� -� 1XPHU� 0RGHO�� YRO� �� SS� ��^��� �����

>��@ 5� 6FKPLGW DQG 3� 5XVVHU� ?0RGHOLQJ RI FDVFDGHG FRSODQDU ZDYHJXLGH

GLVFRQWLQXLWLHV E\ WKH PRGH^PDWFKLQJ DSSURDFK�� ,((( 7UDQV� 0L�

FURZDYH 7KHRU\ 7HFK�� YRO� ��� SS� ����^����� 'HF� �����

>��@ /� %� )HOVHQ� 0� 0RQJLDUGR� DQG 3� 5XVVHU� ?(OHFWURPDJQHWLF nHOG UHS�

UHVHQWDWLRQV DQG FRPSXWDWLRQV LQ FRPSOH[ VWUXFWXUHV� WKH FRQQHFWLRQ

QHWZRUN�� PDQXVFULSW LQ SUHSDUDWLRQ� 'HF� �����

>��@ /� $FFDWLQR� *� %HUWLQ� DQG 0� 0RQJLDUGR� ?(OOLSWLFDO FDYLW\ UHVRQDWRUV

IRU GXDO�PRGH QDUURZEDQG nOWHUV�� 077�6� 'HQYHU� &2� SS� ����^

����� -XQH �����
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